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Abstract 



> 
o 

! The windine; number transition in the Mottola-Wipf model with and without 

' Skyrme term is examined. For the model with Skyrme term the number of 

^ , discrete modes of the fluctuation operator around sphaleron is shown to be 

r~| , dependent on the value of Am . Following Gorokhov and Blatter we derive 

- ^ , a sufficient condition for the sharp first-order transition, which indicates that 

H , first-order transition occurs when < < 0.0399 and 2.148 < Xm\ In 

the intermediate region of Am^ the winding number transition is conjectured 
to be smooth second order. For the model without Skyrme term the winding 
number transition is always first order regardless of the value of parameter. 
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I. INTRODUCTION 



Quantum tunneling is one of the most fascinating phenomenon arised due to pure quan- 
tum effect and has profound physical implications in many fundamental phenomena in var- 



tional methodology for the investigation of the tunneling using a classical Euclidean solution 
called instanton or bounce, its generalization to the finite temperature tunneling or thermal 
activation is one of the long-standing subject in this field. It is well-known that as tem- 
perature increases from zero temperature the pure quantum tunneling at low temperature 
is gradually changed to the thermal activation at high temperature via thermally assisted 
tunneling region. This means there is a phase transition between sphaleron ^-dominated 
high temperature regime and the instanton-dominated low temperature regime. This phase 
transition was explored within quantum mechanical models by Affleck and cosmological 
models by Linde about two decades ago. Both of them argued that there exist periodic 
solutions @] which govern the tunneling at intermediate temperature regime and interpolate 
smoothly between vacuum instanton and sphaleron. Using a terminology of the statistical 
mechanics this phenomenon can be referred to second-order transition. 

Chudnovsky [|^, however, showed that this argument is not generic. Using a simple 
quantum mechanical model, he derived a relation 



where Se and r are Euclidean classical action and period of periodic solution, respectively. 
Eq.( |l.l|) allows one to determine the temperature(T = l/r)-dependence of action(5'£;) from 
energy(£')-dependence of period(r). In fact, this is completely analogous to the plot of 
free enthalphy-vs-pressure of a van der Waals gas whose equation of state is determined as 
pressure- vs- volume. If, for example, i?-dependence of r is monotonic function, T-dependence 
of Se becomes also monotonic, and eventually is merged to the action for the sphaleron 
solution smoothly. Since decay rate is proportional to e~'^^, this case can be reffered to 



ious branches of physics. After Langer and Coleman opened a door of the computa- 



dSE 
dr 



E > 0, 
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second-order transition. If, however, i?-dependence of r is not monotonic and has one 
minimum, T-dependence of Se can be double- valued function in some region of domain 
of definition and it results in a sharp crossover from instanton-dominated low temperature 
regime to sphaleron-dominated high temperature regime. This is an example of first-order 
transition. Recently, his idea is realized at the spin tunneling system |^ in condensed matter 
physics. 

Subsequently, Gorokhov and Blatter p extended Chudnovsky's idea and derived a suf- 
ficient condition for the first-order transition using only small fluctuation around sphaleron. 
Recently, their idea is extended [|l^ for the application to the model when mass is position- 
dependent. Although they derived the criterion to apply it to the some fields of the condensed 
matter physics P,pl|, its application to the covariant field theories is straightforward. In 



fact, this criterion is applied to the four-dimensional scalar field theory with a asymmetric 
double well potential and the lower and upper bounds of the critical value of symmetry 
breaking parameter is calculated |T2[. Recently, same criterion with that of Gorokhov and 
Blatter is derived again through completely different point of view by counting carefully the 
number of negative modes for the full hessian of periodic solution near sphaleron 

In this paper we will examine the winding number transition of the Mottola-Wipf(MW) 



model with and without Skyrme term ||T^ and clarify the type of the transition in the 



full range of parameter space. Since the method of Ref. ||T3[ for the study of winding number 
transition needs a periodic instanton solution which is very complicated in this model, 
we will follow the procedure of Ref. [Q. 

MW model, non-linear 0(3) model with a soft symmetry breaking term, is usually 
adopted as a toy model for the study of the baryon number violation in electroweak the- 
ory ||T^. Although localized vacuum instanton does not exist in this model, the analytical 
expression of the sphaleron solution was derived by paralleling Manton's original argument 
in Ref. |]14[. The reason why MW model can be used as a toy model for a investigation of 



baryon-number violation in the electroweak theory is nicely explained in Ref. |T^. For a 
completeness we summarize it briefly. If one deflnes two component fleld 



:i.2) 



such that (j)"' = il)'^a°'%l) where phi"' is scalar field of MW model and a" is usual Pauli matrix. 
Introducing gauge field = {ip'^d^ip — d^ip'^ip) /2i, one can show that the winding number 
Q of MW model which is defined as 



:i.3) 



is reduced to 



(1.4) 



The integrand in Eg. ( |1.4| ) is nothing but an chiral anomaly [jl8| of massless fermion field 
coupled to U{1) gauge field. Through index theorem the transition in MW model can be 
interpreted as tunneling which connects states with different chiral fermion numbers. 

In order to make a modified model which supports a localized vacuum instanton as well 



as sphaleron, Piette et al ||T9[ added a Skyrme term to this model. In this modified model 
whose action and constraint are 



S = — I drdx 
T 



"6" = 1 



:i.5) 



a = 1, 2, 3 n,u = T,x 



where 



Lab 



d ^(f)"" dijcj)^ — du4>"'dn(f)^, sphaleron is identical to that of MW model whose action 
is Eq.( |1.5|) with A = and localized instanton can be obtained numerically. Winding number 
transition between instanton-dominated and sphaleron-dominated regimes in this model are 
discussed at particulur value of parameter, Am^ = 0.001, in Ref. [2^]. In this paper we will 
discuss the winding number transition in the full range of parameter space. 

The paper is organized as follows. In Sec. II we will briefiy review Gorokhov and Blatter 's 
procedure in covariant scalar field theory. In Sec. Ill we will expand the field equation of 
Mottola-Wipf-Skyrme(MWS) model around sphaleron solution by introducing the fiuctua- 
tion fields u and v. The spectra of the spatial fiuctuation operators /i„ and h^j are discussed 



at Sec. IV. In Sec.V, following Gorokhov and Blatter, we will examine the winding number 
transition in MWS model. It will be shown that the type of transition is either first-order 
or second-order depending on the value of Am^. In Sec. VI the winding number transition 
in MW model will be discussed. It will be shown that the type of transition in this model 
is always first order regardless of value of parameter. In Sec. VII a brief conclusion will be 
given. 



II. CRITERION FOR SHARP FIRST-ORDER TRANSITION 

In this section we will review the procedure of Ref. briefiy in the covariant field theory. 
The Euclidean action we will consider is 



(2.1) 



S = j dx 
where field equation is 

□0 = V\(t)). (2.2) 

Although we do not need a specific form of V^(0), we assume field equation allows periodic 
instanton and sphaleron configurations. Since sphaleron (p^ph is static configuration, its 
equation of motion reads 

^^ = V'{M. (2.3) 

Now, we consider a small fluctuation ri{x^ r) around sphaleron solution. If one uses Taylor 
expansion in potential, it is easy to show ri{x, r) satisfies upto the order of rf" 

k{x, t) = hr]{x, t) + G2[v] + Gslv] (2.4) 

where i=£,,h = -£, + V"{4>sph), = '^V'"{(PsphW, and G,[r]] = lV""{(PsphW. The 

main idea of Ref. |p is to compare the frequency of ri{x, r) with that of sphaleron by solving 
Eq.( p^.4D perturbatively, which yields a sufficient condition for the first-order transition. 
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Here, the frequency of sphaleron ujsph means frequency of the periodic instanton solution 
when periodic instanton approaches to the sphaleron solution. 
To the lowest order in perturbation we use ansatz 

ri{x,T) = auo{x) cos UgphT. (2.5) 

Here, a is a small parameter, which is associated with small amplitude of periodic solution 
whose center is (psph at quantum mechanical model. Substituting Eq.( p.5|) into Eq. (p.4|) while 
neglecting terms of order higher than a one obtains 

huo{x) = l{uJsph)uo{x) (2.6) 

where liu) = —uP'. Since spatial operator h has only one negative mode and l{ujsph) < 
0, uo{x) and lioJsph) are nothing but the ground state eigenfunction and eigenvalue of /i, 
respectively. This fact allows one to calculate uogph by solving the spectrum of h. 
To next order perturbation we use 

ri{x,T) = auo{x) cosujT + a^rii{x,T) (2.7) 

where u is the correction to the frequency Usph- Inserting Eq. (PT7|) into Eq.(^.4D it is easy to 
obtain 

r], = {i-h)-\, (2.8) 

where 

Xl = - [K^^sph) - K^j)] Uo{x) cos CUT + G2[uo] COS^ CUT. (2.9) 

Since 1 — h has zero mode | Uq{x)cosljt >, we can escape infinity in Eq.( p.8[ ) if and only 
if a condition < uo(a;)cosu;r | xi >= holds. This condition requires no shift in the 
frequency uj = uJsph, which means that next order perturbation must be performed to find 
frequency shift. Before we go to the next order, it is in order to compute t]i explicitly. It is 
straightforwardly achieved from Eq. (|2.8| ): 
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r]i (x, r) = gi (x) + g2 (x) cos 2usphT 



(2.10) 



where 



9i{x) = --h ^G2[uo] 

g2{x) = -^[h - l{2uJsph)r'^G2[uo]. 



(2.11) 



Next order perturbation can be done by using 

T]{x, t) = auo{x) cosujT + a^r]i(x, r) + a^r]2{x, r). (2-12) 
Substituting Eq.( p.l2|) into Eq.( p.4|) and neglecting terms of order and higher, one gets 



ri2{x,T)=a ^{l — h) ^ Xa^"* + X2^^ cos cijr + Xg^-* cos 2ci;r + X2'^'' cos Scijr 



(2) 



,(3) 



(2.13) 



where 



(0) 2 

X2 -a 



hgi{x) + -G2[uo] 



\dG2[^] 









^9iix) + -g2{x] 



(2) 2 

X2 = a 



Xf = a' 



[h - l{2uj)]g2{x) + -G2[uo] 



ldG2[^] 
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92{x) + -G^\uq] 



(2.14) 



The infinity problem mentioned above yields another condition < uq{x) 
which results in 



X?^ >= 0, 



l{uj) - l{uJsph) 



2 < Uo I Mo > 



< Uo I f[uo] > 



(2.15) 



where 



f[uo] 



dG2[^] 



=M0 



h-^ + ^[h-l{2uJsphT' 



G2[uo] - -Gsluo]. 



(2.16) 



If the spectrum of h, h \ Un >= hn \ Un > , is completely solved, < uq \ f[uo] > is reduced to 



(2,17) 

One may worry for the use of Eq.( ^.17D due to zero mode of h, say hi = 0. It is, however, 
easy to show that it does not cause any problem if one reahzes < G'2[^^o]h'ii >= because 
of odd parity of Ui. 

Before we derive a sufficient condition for the sharp transition, it may be helpful to 
comment on the two kinds of field theoretical tunneling models. One kind(case I) consists 
of models which support localized vacuum instanton and sphaleron. The usual quantum 
mechanical model and MWS model plunge into this case. In these models the first-order 
phase transition takes place as usual quantum mechanical cases. The typical figure of first- 
order transition in case I is given in Fig. 1(a). Another kind(case II) consists of models which 
does not support localized vacuum instanton. The MW model and electroweak theory are 
categorized in this case. In these models the low energy periodic instanton is built out of 
constraint instanton ||^ whose period goes to zero at E —>■ 0. Applying a relation ( |1 . 1| ) one 
can get a typical figure of first-order transition in case II which is shown in Fig. 1(b). In 
both cases the first-order transition occurs when uj > uJsph, which results in 

<uo I f[uo] > > 0. (2.18) 

We will use this criterion to determine the types of transition in the full range of parameter 
space in MWS and MW models. 

III. FLUCTUATION AROUND SPHALERON IN MWS MODEL 

The field equation of MWS model whose action is given at Eq. ( |1.5|) is easily derived by 
introducing and subsequently removing a Lagrange multiplier: 

(5-^ _ b^fe + A9^(0jt^,0^)l = m2(5-3 _ ^a^sy (3.1) 
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Since Skyrme term does not contribute to field equation for static splialeron |T^, splialeron 



is same witli tliat of MW model which is derived at Ref. 

(f)sph = {sin^sph, 0, - cos ^sph) 



(3.2) 



where 



^sp/i = 2sin "^(sechmx). 



(3.3) 



Now, we introduce small fluctuation fields u and v around sphaleron such as 

1 



VTT 



(sin(^sp/i + v),u,- cos{^sph + v))- 



(3.4) 



The expansion of the field equation (3.1) in terms of u and v is very tedious, but straight- 
forward: 





(u) 










^ G]^iu,v)^ 






= h 




h 


+ 




[v) 




[v) 









+ ■ ■ 



(3.5) 



where 



V 



GlM 



sechmx 



y J 



(3.6) 



2m^ tanhmx(Mf — Xiiv) — Amuv' + 2\m(2uv — 2uv' + u'v — iiv) 



Gl{u,v) = sechmx 



1 + 4Am^sech^ma; 

tanh mx('U^ — t;^ — 2\u^) + Amuu' + 2\m{uu' — uu') 



1 + 4Am2sech mx 



2u{u^ + u'"^) - m(?)^ + v'"^) - ^(1 - 2sech^mx) (ut;^ - u^) 



+A 



— uv'"^ — iiv'v' + 2u'vv' + u'vv' — u'vv' 
+uvv" — u"v'^ + 4m^sech^mx(3M'it^ + u^u) 



m 



G'"n{u^v) = 2u{uv + u'v') + —(1 — 2sech^mx) (3-u^f — f^) 

6 

+A —uii'v' — ii^v" — u''^v — ii'u'v + 2uu'v' + uu"v + uu'v' . 

Here, prime and dot mean differentiation with respect to x and r respectively, and hu and 
are 
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hr. 



1 



1 + 4Am^sech mx 



Q2 



dx"^ 
2sech^ma;). 



m [1 — 6sech mx) 



(3.7) 



It is interesting that Skyrme term contributes only modification of not h^. Apart 
from denominator in tlie eigenvalue equations of and are usual Posclil- Teller type 
which can be solved completely ||2l]]. The denominator in modifies the spectrum which 
will be discussed in next section. 



IV. SPECTRA OF K AND K 

Consider an eigenvalue equation of the usual Poschl- Teller type potential: 



dx'^ 



+ V{x) 



(4.1) 



where 



cosh (jjx 



(4.2) 



It is well-known that Eq. (|4.1| ) has both finite discrete modes, whose number is dependent 
on 



1 

'=2 



^2 



(4.3) 



and continuum states. The spectrum and eigenfunctions are summarized as follows 
(1) Discrete modes 



{n = 0, 1, ■ ■■,nmax < s) 



(4.4) 



r(l + 2s-n) 



!\ r(l + s - n)r(s 



2"-^cosh"-^o^a; 



n) 



X 2-^1 (—■«-, 1 + 2s — n; s — n + 1; -(1 — tanhux)) 



(2) Continuum modes 
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\k = uj' + e (4.5) 

Mx) = _^ r(-.-e)r(i + s-g) 



ik 1 

X 2-f'i(s + 1, —s; 1 ; -(1 — tanhcux)). 

2 

Here, r(a) and 2-^1(0, c; z) are usual gamma and hypergeometric functions. Since eigen- 
value equation for h^, h^fnix) = e^ipn{x), is exactly Poschl- Teller type equation, it is very 
easy to find its spectrum and eigenfunctions, which is summarized at Table I. 
Now, let us consider eigenvalue equation of hu', 

KMx) = elMx)- (4.6) 

After rearranging Eq. (|4.6|) one can show that it is possible to make it as usual Poschl- Teller 
type provided the following explicit ej^-dependence of s is allowed ; 

s = ^ [v/25 + 16A6- - 1] . (4.7) 

After eliminating by using Eq.( [4.4|) and ( [4.7|) one can arrive at conclusion that different 
s-value is assigned to each discrete mode. 



(8nAm2 - 1) + ^GAX'^m^ - 16(n2 + n- 7)\m'^ + 25 
^" " 2(l + 4Am2) • ^^-^^ 



Now, we can solve Eq. (f4.8| ) for non- negative integer n under requirements s > and 
s > n, which results in a fact that the number of discrete modes is dependent on Am^. For 
example, there are three discrete modes(n = 0,1,2) for < Am^ < 3/2. And, one more 
discrete mode appears for 3/2 < Am^ < 7/2. Generally, there are n discrete modes for 
+|n-i)-6 ^ ^ n'^+n-6 ^ Parameter-depeudeuce of discrete spectrum is explicitly 
shown at Fig.2. It is worthwhile noting that = is negative mode and = 1 is zero mode 
which indicates that u is fluctuation field around unstable configuration. 

The continuum spectrum of hu is more simple. If one follows the same procedure, it is 
easy to show that continuum spectrum and correspondent eigenfunctions are exactly same 
with those of Eq.( [4.5|) provided s is replaced by 
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Sk 



1 + J25 + 16A(m2 + P) 



(4.9) 



Table II shows a complete spectrum of hu for < Am^ < 3/2. 



V. CRITERION FOR FIRST-ORDER TRANSITION IN MWS MODEL 



In this section we will derive the criterion for the first-order transition in MWS model 
by following Gorokhov and Blatter. To do the lowest order perturbation we choose a ansatz 

COsQsphT (5.1) 



VJ 



Uo[X) 

Vo{x) 



J 



where a is discussed at the below of Eq.(|2.5|). Inserting Eq.(|5.1|) into Eg. (P3|) and neglecting 
terms of order higher than a we obtain 



(5.2) 



where 1{VL) = —D?. Based on the analysis of Sec. IV, it is easy to show that h has only one 
negative mode whose eigenvalue and eigenfunction are eg = — m^(so — 1) and 







] 






\ 




uo{x) 


Z(f2sp/j) 


uo{x) 


h 










) 






J 



respectively. Here, sq is obtained from Eq. ( [4.8|) by letting n = 



So 



1 + 4(1 + 4Am2)(6 + 4Am2) - 1 



2(1 + 4Am21 



Hence, the lowest perturbation shows 



sph = ySQ-lm 

uoix) = M^) = 2"''^ 
vo(x) = 0. 



mr(l + 2so) 

^r(so)r(i + so; 



cosh '^^ mx 



\ 







(5.3) 



(5.4) 



Now, let us start the next order perturbation by substituting 



^ u{x, r) ^ 



v{x, t) 



^ auo{x) cosier + a'^ui{x, r) ^ 
a^vi{x, t) 
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(5.5) 



into Eq.(p.5|). As commented in Sec. II, Q is the correction to the frequency Qsph- Neglecting 
higher order terms one arrives at the following equation: 

\ 

= {i-h)-'xi 



Mi(x,r) 
Vi{x,t) 



(5.6) 



where 



^ no (a;) cosier ^ ^ 



V 









Hi{x,t] 



J 



(5.7) 



Here, Hi{x, r) is 



HAx,t) = 2 



-2so ^^r(l + 2so) sinhmx 
r(so)r(l + so)cosh^'°+2mx 
-(4so + 1) cos^ fir + 2Afi^(sin^ fir + sq) 



(5.8) 



Using same argument given at Sec. II, we need a condition 

Xi >= 



^ Uq cos fir ^ 



< 



v 







(5.9) 



to escape an infinity arised due to inversion of I — h. The condition ( p. 9] ) is automati- 
cally satisfied if fi = Qsph, which means there is no frequency shift in the present order of 
perturbation. 

Before we go to next order, let us compute ui{x,t) and vi{x,t) explicitly. This is 
achieved by direct calculation, which needs a tedious, but straightforward procedure: 



Ui{x, r) = 

vi{x,t) =5(^ i(x) +gv,2{x) cos2nsphT 



(5.10) 



where 



gv,i{x) = 2 



-2so 



r(so)r(l + so) 
sinh mx 



2.o(l - Afi^^,) + (- - Afi 



sph) 



(5.11) 



^ cosh2^«+2 mx 

r(.o)r(i + .o)^''° + 2 + ^^ 



2 1 

sph) 



X 



l{2Qsph) — h 



-1 sinhmx 



cos 



mx 
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Now, let us perform next order perturbation with 



U[X, T) 



v{x, t) 



auo{x) cos Qr + a^U2{x, r 
^ a'^vi{x,T) + a^V2{x,T) ^ 



(5.12) 



After inserting Eg. ( ^.12| ) into Eq.( p.5|) we obtain 



V 



(5.13) 



V2{x,t) 

Here, we do not need full explicit form of X2 for the derivation of criterion for sharp 



winding number transition. The only one we need is the upper element in Eq.( 5.13 ), which 



IS 



U2{x,t) = {l- K) ^X2 



(5.14) 



where 



X2 = 2 [^(^) ~ K^sph)] Uo{x) COS fir 

(X 

7\ — \ — [Gu,iix) cos fir + Gu,2{x) cosSfir] . 

1 + 4Am"^sech mx 



(5.15) 



In Eq. (|5.15|) the explicit form of Gu,2{x) is not needed also for the derivation of criterion. 
The only one we need is Gu,i{x) which is 



G«,i(x) = 2- 



so 



' mr(l + 2so) 

r(so)r(i + so) 



2m^ sinh mx 
cosh*"'*'^ mx 



9v,l + -^gv,2 — ^^Iphdv 



(5.16) 



+2- 



-3so 



' mr(l + 2so) 

r(so)r(i + so) 



COS. 

fil. + 

2 
3 
4 



^fi2^, + ^m2(l + 4s^) 



cosh mx 



m^(l + 2so) cosh"^"'"^ mx 



Hence, the condition < u^ix) cos fir | >= gives the correction to the frequency: 



/(fi) - l{Qsph) = < uo{x) 



cosh mx 



cosh mx + AXm^ 



GuAx) > 



(5.17) 
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In order to change Eq.( |5.17| ) to a more convenient form, we have to compute gv,i{x) and 
gv,2{x) exphcitly which is performed in Appendix, where the following integral representa- 
tions are obtained: 



(2so + |)-Am2(s2-l)(2so + l) 



dk 



r(^o + i + i,)r(.o + i-ir) k . 



47r(l + so)r(so)r(l + so) 

+ tanhmx / dk 



1 + k? /iv? 

r(^o + | + £)r(.o + i- 



m 

ik 
2m 



sinkx (5.18) 



1 + k'^/m? 



cos kx 



(2go + l) + Am^(sg-l) 
47r(l + So)r(so)r(l + So) 



dk 



r(^o + i + i^)r(.o + i-^) k . 



(4sg - 3) + F/mS 



sin kx 



m 



+ tanhma; / dk 



2 ' 2m 



1 ik_ 

2 2m 



COS kx 



(4sg - 3) + kym^ 

By inserting Eq.( ^.18|) into Eq. (|5.16| ) one can obtain double-integral representation of 
Gu^i{x). Then, through some appropriate change of variables we get the final form of 



/(fi) - l{ilsph) = a s 



2„-2so m3r(l + 25o) 



r2(so)r2(i + so) 

2/„2 



(5.19) 



(23o + |)-Am^(gg-l)(2go + l) 
27r(l + So) 



dy 



sinhy 



{2so + l) + Xm\sl-l) 
2vr(l + So) 

-F2-2^°r(l + 2so) 



dy 



cosh^'^" ?/(cosh^ y + 4Am^)2 
xKi{y)[Ji{y) + tanhyJ2iy)] 
sinhy 



16s2 - 1 



cosh^'"' ?/(cosh^ y + 4Am^)^ 

xK2iy)[J3{y) + tanhyJi{y)] 
dy 



8 J cosh^'°"^?/(cosh2?/ + 4Am2) 



3{l + 2sl 



dy 

cos h^'" ?/(cosh^ y + 4Am2) 



where 

My) 
Uy) 
Uy) 



dq 
dq 



iq\ 12 



q\T(so + ^, 
l + g2 

|r(.o + H^) P 



■ sm 



(5.20) 



oo g 
dq— 



l + g2 

r(.o + i±^) p 

g2 + (4sg - 3) 



cos qy 



sm qy 
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Uy) 



dq- 



r (.0 + H^) ? 



cos qy 



q' + - 3) 
Ki{y) = \-Aso - 1 + 2(1 + 2so){sl - l)Xm^] cosh^ y 
1 



K2{y) 



-2sq {si- l)\m' 



cosh y + 



4so + 3 + 2(2so - l){sl - l)Am^ 



4Am^ 



-2so + - - (s^ - l)Am2 



Fig. 3 shows the resuh of numerical calculation of 1{VL) — l{Qsph) with respect to Am^. 
From Fig. 3 we can conclude that MWS model exhibits sharp first order winding number 
transition when < Am^ < 0.0399 and 2.148 < Xm^. Ref. |2^ shows first order transition 
when Am^ = 0.001, which is in agreement with our conclusion. Although Gorokhov and 
Blatter's method cannot determine the type of transition for 0.0399 < Am^ < 2.148, it is 
easily conjectured using 2So/Ssph which is shown in Fig. 4. Here, So is classical action of 
vacuum instanton and Ssph = (2-n /VLsph)Esph, where Egph is space integration of classical 
Lagrangian for the static sphaleron solution, and interpreted as barrier height in usual 
Minkowski space. Fig. 4 indicates that 2So/Ssph < 1 when < Am^ < 0.006 and 2.52 < 
Am^, and 2Sq/ Ssph > 1 when 0.006 < Am^ < 2.52. Hence, MWS model exhibits strong first- 
order transition when < Am^ < 0.006 and 2.52 < Am^, and weak first-order transition 
when 0.006 < Am^ < 0.0399 and 2.148 < Am^ < 2.52 as shown in Fig. 5. From this fact we 
can conjecture that smooth second order transition occurs at intermediate region of Xm^. 



VI. WINDING NUMBER TRANSITION IN MW MODEL 



In this section we will discuss the winding number transition in MW model by taking 
A ^ limit in Eg. ( ^.191) . Using integral formula ||2^ 



dx ^^^^^ ^2m+l _ / 1 \ m+l ^ ^ 



2m+l 



cosh Px 



X 



dx 



COS ax 



2m 



/o cosh /3 a; 
we can show straightforwardly 



X 



(-1)' 



(-1)' 



2(3 (902"^+! cosh f| 



(6.1) 



2^9^cosh^' 



2/3 



^ TT sinhy(3 + 4cosh^?/) 
4 cosh'^ y 



(6.2) 



16 



Uy) 



TT 1 + 4 cosh^ y 



4 cosh^ y 

J , . TT g(g' + l)(g' + 9) . 

w X (g^ + l)(g^ + 9) 

^^^^^=8 70 ^^(g^ + 13)coshf 
Ki(y) = 2ir2(y) = -gcosh^y. 



Hence, we can obtain l{Vt) — l{Vtsph) by inserting Eq.(|6.2|) into Eq.( [5.19| ). Since y-integration 
in this case is analytically solved if one uses integral formula p2| , 

7r(a2 + /32)(a2 + S^/^^) ■ ■ ■ [a^ + (2n - if (3^] 



°° cos ax 

cosh^'^+^/^x 2(2n)!/32"+icoslif^ 

the final form of l{Vt) — l{Qsph) in MW model is simply 

9a^m^ r 1 



(6.3) 



sph ) 



70 4096 . 



(6.4) 



where 



^ (g2 + 13) cosh' f ■ 



(6.5) 



Numerical calculation shows /(fi) — /(fi^p/^) = — 0.161116a m , which means sharp first-order 
transition in the full range of parameter space. This is in agreement with result of Ref. [ITB 



VII. CONCLUSION 

In this paper we examine the winding number transition of the MW model with and 
without Skyrem term. For MWS model we expand the field equation around sphaleron 
solution, which yields the explicit form of the fluctuation operator. The spatial fluctuation 
operator is proven to be a kind of modified Poschl- Teller type and its number of discrete 
modes is dependent on the value of Am'. The increment of Am' gives rise to the increase of 
the number of discrete modes, and eventually the infinite number of discrete modes arises 
as Am' approaches infinity. 
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Following Gorokhov and Blatter we derive the sufficient condition for the sharp first-order 
transition in this model, which indicates that first-order transition occurs when < Am^ < 
0.0399 and 2.148 < Am^. Computing 2So/Ssph, we conjecture that the smooth second-order 
transition occurs in the intermediate region of Am^. 

For MW model the criterion for the sharp transition can be easily derived by taking a 
A ^ limit to that of MWS model. It is shown that the MW model always exhibits a 
first-order winding number transition regardless of the value of parameter. 

MW model is frequently used as a toy model of sphaleron transition for the electroweak 
theory, and hence for the investigation of the baryon number violating processes. Recent 
study however, on the sphaleron transition of S'f/(2)-Higgs theory has shown that 



smooth second-order sphaleron transition occurs when 6.665 < Mu/My/ < 12.03 although 
first-order transition occurs when Mh/M\y < 6.665. Hence, MW model cannot play an 
important role as a toy model for the study of sphaleron transition of electroweak theory 
when Higgs are very massive than W particle. This means we need another toy model 
which exhibits a ffist-order and second-order sphaleron transition depending on the values 
of parameters involved in the model. Based on our study on the relation of number of 



negative modes and bifurcation point analyzed in Ref. |TB[, we have an opinion that this 
may be achieved by endowing a nontrivial topology to the space coordinate. This will be 
discussed elsewhere. 

APPENDIX A: CALCULATION OF 5^,1 (x) AND 5^,2(2;) 



In this appendix we will calculate gv,i{x) and gv,2{x) defined at Eq.( ^.ll| ). 

[1] 9v,i{^) 

Using complete condition for h^, it is easy to show 

"I sinhmx f dk . sinh ma; 

K — — = / 7^ — 2 I v'fc >< '^fc I — — > (Al) 

cosh ° mx J k'' + cosh mx 

where | > is defined at Table I. In Eq.(^) < \ cosh^^o+^^^mx ^ calculated by 

making use of integral formula 



2^-2 ^ /z/ ai" 



°° cos ax 
dx- 



V 



V ai 
.2 "2^. 



(A2) 



Inserting the result of < | ^^^^^0+?^^ > into Eg. ( |A1|) one can obtain 



{2s^ + \)-\m\sl-l){2s^ + l) 
47r(l + So)r(so)r(l + So) 



(A3) 



dk- 



1 + k'^ /m? 



+ tanhmx / dk 



sin kx 



m 



r (^_o+|+j|)r(^o+|-^ 

1 + k"^ /im? 



cos kx 



[2] gv,2{x) 

Using complete condition for again one can show directly 
1 sinh mx 

IX 

r(-o + | + £)r(.o + |-i,) 



l{2Vtsph) — hi 



cos 



h2"«+2 mx 



(A4) 



47r(l + So)m3r(l + 2sc 



dk- 



(4sg - 3) + P/m^ 



— sin kx + tanh mx cos /cx . 
, m / 



Inserting Eg. ( |A4| ) into Eg.( [5.1lD we obtain 



{2so + l) + Xm\sl-l) 
47r(l + So)r(so)r(l + so) 



dk- 



r So 



2m y 



r(so + i 



2 m 



(4sg-3) + fcVm2 
+ tanhmx / c?/;; 



sin kx 



m 



(A5) 



r(^o + | + £)r(.o + |-ir) 



(4sg-3) + P/m2 

In MW model(A — 0, sq ^ 2) 5't,,i(x) and gv,2{x) are simply expressed as follows: 



cos kx 



3m sinhmx ,^ ^ ,0 \ 
~ ~ (1 + 2 cosh mx) 



16 cosh mx 



(A6) 



5'^;,2ia;j 



256m2 



— / rffc 



k^k"^ + m^){k'^ + 

+ 13m2) cosh ^ 



sin kx + tanh mx / dk 



{k'^ + m2)(P + 9m2) 
(A;2 + 13m2) cosh g 



cos /cx 
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TABLES 









n = 





[m 1 
Y 2 coshmz 


n = k 


+ k"^ 


-k=-f-iE - tanhrax ) 



TABLE I. eigenvalues and eigenfunctions of h, 









n = 


m\l-sl) 


j mr(l+2^o) / 1 Y" 
Y r(so)r(l+so) \2coshmx J 


n = l 





/ 3m sinhmx 
V 2 cosh*^ mx 


n = 2 


w?[l-{s2-2f\ 


1 ;/il"(2,s'2-l) / 1 (2s2-l) laiili- ;/u;-l 
Y 2r(s2-l)r(s2-2) \2coshmxJ 2(s2-l) 


n = k 


+ k'^ 


{s, + 1, -s,; 1 - f ; i(l - tanhmx)) 




TABLE IL 


eigenvalues and eigenfunctions of hu when < Am^ < | 
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FIGURES 

FIG. 1. Typical Action- vs-Period diagrams of first-order transition for (a) case I and (b) case 
II. Bold lines determine the winding number transitions. 

FIG. 2. Discrete spectrum of hu- The number of discrete modes is dependent on the value of 
Xm^. In fact, there are n discrete modes when +in-i)-Q ^ ^ n'^+n-6 

FIG. 3. Am^-dependence of — Z(J7sp/j). This figure shows that MWS model exhibits sharp 
first-order transition when < Am^ < 0.0399 and 2.148 < \m?. 

FIG. 4. Am^-dependence of 2So/Ssph- Combining this figure and Fig.3 we can conclude 
that MWS model exhibits weak first-order transition when 0.006 < Xm^ < 0.0399 and 
2.148 < Xm^ < 2.52. From this fact one can conjecture MWS model exhibits smooth second-order 
transition when 0.0399 < Am^ < 2.148. 

FIG. 5. (a) Action-vs-Period diagram of MWS model when < Am^ < 0.006 and 2.52 < Am^. 
In this regime MWS model exhibits strong first-order sphaleron transition, (b) Action-vs-Period 
diagram of MWS model when 0.006 < Am^ < 0.0399 and 2.148 < Am^ < 2.52. In this regime 
MWS model exhibits weak first-order sphaleron transition, (c) Action-vs-Period diagram of MWS 
model when 0.0399 < Xm^ < 2.148, which is drawn by conjecture from the fact that MWS model 
exhibits weak first-order transition when 0.006 < Am^ < 0.0399 and 2.148 < Am^ < 2.52. 
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Fig.1 (b) 



